Nonlinear Dynamicsin Biological Systems L ecture Notes Set 1:

Reading Assignment. Chgpter 1 & 2 of Strogéaz

|. Introductionto Nonlinear Dynamics

QuestiontotheClass. Why do we model thingsasengineers?

- Prediction: we want to predict the behavior, prediction allows for thingslike design or
optimization

- Design: how should we design thesystem? If we changepaameter, k, howwill our
system change? Can | designthe system to have a particular k value? If so wha should
tha value of k beto get the best peformance?

- Undeastanding: how can we explain thefounddion or mechanism for observed
behavior?

Dynamical system:

- systems evolve with timein away tha the state at time t dependsuponthestate at a
dightly earlier time! where! <t

- they have a GnemoryO

- they are therefore inhaently deterministic: state is determined by theearlier state

Dynamicsis acommon mathematical framework tha has applicationsto biology,
chemical kinetics, electrical systems, mechanics

Dynamical Systems are Represented by Two different equation types:

1) Differential Equaionsbcontinuoustime

dx
L= f
dt ()

- how x changes with time (therate of change dependsuponthe current state of x

- in other wordswhether or notx increases, decreases, or doesn®changedependsupon
what X isnow.

- timeis continuousand x changes smoothly with time

2) Difference Equaionsbdiscrete time

X1 = T(X)

Ordinary Differential Equations:

We will focusondifferential equaionsin thisclass. In paticular we will focuson
ordinay differential equaions(ODES).

ODEstaketheform
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as oppo®d to partia differential equaions(PDEQ®)

We will only look at systems changing in time in this course.

Deterministic Does NOT AlwaysMean Practically Predictablein the Real World!

This conaept has had major implicationsfor awide rangeof fields More to come onthis
aswe ge to highea dimenson systems.

Nonlinear versus Linear Systems

Why are you taking this class?

Orhe elegant body of mathematical theory pertaining to linear systems (Fourier andysis,
orthogonafundions and so on), and its successful application to many fundamentally
linear problemsin the physcal sciences, tendsto dominae even modeately advanced
University courses in mathematics and theoretical phydcs. The mathematical intuition so
developdl ill equipsthe student to confront thebizarre behaviour exhibited by the
simplest of discrete nonlinear systems, such as equation (3). Y et such nonlinear systems
are surely therule, notthe exception, outside thephyscal sciences.

| would therefore urgetha people beintroduced to, say, equaion (3) early in thar
mathematical education. This equaion can be studed phenomenologically by iterating it
onacaculator, or even by hand. Its study does notinvolve as much conceptud
sophistication as does elementary calculus Such study would greatly enrich the student's
intuition aboutnonlinear systems.

Not only in research, butaso in theeveryday world of politics and econorics, we would
al bebetter off if more people realized that simple nonlinear systems do not necessarily
possess simple dynamical propeaties.O

FromRobeat M. May, Published in Nature, Vol. 261, p.459,June10 1976.

This classis aboutbuilding your mathematical intuition to learn aboutthe system NOT
jug executing the math steps

Refresher of BASIC DEFINITIONS




ax & X will beusad interchangegbly.

dt

Linear Terms. onethat isfirst degreein its dependent variables
X is 14 degree and therefore alinear term
xtis 14 degree in x and therefore alinear term

x? is2nddegree in x and there notalinear term

Nonlinear Terms. highea powers, produds and transcendental s of the dependent
variable

sin x nonlinear term in the dependent variable
snt notanoninear term in thedependent variable

linear equation: conssts of asum of linear terms

y=x+2

y() +x () =N

dy/dt=x+snt
nonlinear equation: all other equaions

y+x2=2

x(t) * y(t) =N

dy/dt=xy +snx
Trajectory: thepath of thedependent variablein time, throughthe phase space.
Phase or State Space: Isthen-dimensond space occupied by thepossible values of the
dependent variables. Looking at the phase space removes time from the point of view
and givesthetrgectory. Thisview of the phase spaceiscaled a phase portrait. The
phase portrait for al dimendond systemisaline Thephase portrait for a2 dimensond
systemisaplane

Defining the dimensionality of the system:

A gened system of first order differential equaions
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has thedimensonn.
This system requires n initial conditions

Thisisthemog ussful and general form tha we will bedealingwith. We will refer to
this as a state space modd form.

Thevalues of {x1, X2, E . x»} at any given t defines the state of the system at tha pointin
time.

Ultimately we want to know how {xs, X, E. ,x»} travel through time relative to each
other for all possibleinitial conditions.

Converting To State Space

It is often convenient to convat ahighe order equaionto set of n 1% order differential
equdions

Example:
d’x  dx B o . . . .
W+aza+a3x— 0 isa2" orde differential equaiontha can be conveated into a

2 dimensond system of 1% order differential equaions

Rewritten in shorter notation: a#t+aXx+ax=0
To start theconvasionfirst defineour state variables, x; andxz, a8 X1 =X  Xo = X

X =X,
_ . lax!l ax - a a,
X, =f=—o=—2= = 2x | £x
2 al ai)(l 2



so the system can be written as a 2 dimensiond system of 1% order equaions
with 2 state (dependent) variables x; and x,.

X =%

T a,
*2_!_)(1!_)(2
a a

conveted a secondorder differential eqto aset (2),1% order differential equaion. Thisis
aLinear System Da 2™ order or 2" dimenson system, X1 --- X», n=dimenson

Handling Autonomous Equations:

Autonomous. An automomousODE is nat explicitly afundion of theindgpendent
variable time, t.

z—x =2x*+x+1 istimeautononmous x(t) =f(x) notf(x,t) or f(t).

In other wordsyourinitial condition can start anywherein time. It doesn®matter.

Nonautonomous: A honaitononousODE is explicitly afundion of indgpendent
variable time, t.

dx

22 t(2x2 + x) is nonaitononous
dt

How does onehandle nonaitononousequdionsin state space?

You can still convet anonaitononousdifferential equaion to state space by defining a
new, additiond state variable tha indudestime, eg. X3 =t

addsadimensonto the system

2" order ODE, autonamous! 2™ dimenson system
2" order ODE, nonautonamous! 3™ dimenson system



